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PROPAGATION OF SINGULARITIES FOR
NONSTRICTLY HYPERBOLIC SEMILINEAR SYSTEMS IN
ONE SPACE DIMENSION'!

BY
LUCIO MICHELI

ABSTRACT. We consider the creation and propagation of singularities in the solutions
of semilinear nonstrictly hyperbolic systems in one space dimension when the initial
data has jump discontinuities. We show that singularities travelling along character-
istics can branch at points of degeneracy of the vector fields on all other forward
characteristics.

We prove a lower bound for the strength of these new singularities, and we give an
example showing that our result cannot be improved in general.

1. Introduction. In the last few years the problem of the creation and propagation
of singularities for strictly hyperbolic semilinear systems has been studied in great
detail (see [1, 2, 3]), but a recent example [4] has shown that new phenomena can
occur when characteristics of variable multiplicity are present.

In this paper we study the Cauchy problem for a nonstrictly hyperbolic semilinear
system in one space dimension when the initial data u® is in C*® except for finitely
many jump discontinuities in u® or in its derivatives. We restrict ourselves to
diagonal systems in which exactly two families of characteristic curves are tangent
along a smooth noncharacteristic curve while all others are transversal. We also
assume that the order of contact is constantly equal to p — 1, p even, and the
coefficients of the system are smooth.

A locally bounded solution u of our system is uniquely determined by its initial
data u®, and it is natural to consider the problem of describing the strength and the
location of the singularities of u. We say that u has order m across a curve if all of its
first m partial derivatives are continuous across the curve, but the same is not true
for m + 1. Jump discontinuities have order —1. The typical situation that we are
going to study is sketched in Figure 1.1.

We consider a characteristic C, carrying a singularity of order n,, and we assume
that at point P there is a characteristic C, tangent to C; with an order of contact
equal to p — 1. We assume also that the other characteristics through P are

transversal and there are no other incoming singularities.
First of all there is a linear phenomenon: a singularity travelling along a

characteristic can branch at a point of degeneracy onto the tangent characteristic,
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FiGure 1.1

and it is easy to show that, in the case of Figure 1.1, the solution is of order n; + 1
across C,.

Then there is a nonlinear phenomenon: the point of degeneracy of a characteristic
bearing singularity is a source of new singularities travelling on all forward char-
acteristics from that point. It is hard to determine the strength of these new
singularities, as it depends not only on the strength of the incoming singularity but
also on the order of contact of the tangent characteristics. Rauch and Reed
conjectured in [4] that the right answer was given by the formula

ni+n +1+2+(p-1).
We prove a better result: namely, the order of u is
(ny+n +1+2)p,

and we give an example to show that this is best possible (see §5).

There are substantial new difficulties to overcome. In the strictly hyperbolic case,
piecewise smooth initial data give rise to a piecewise smooth solution. Rauch and
Reed use this fact to reduce many proofs to studying the propagation of jumps along
the singularity bearing curves. In the nonstrictly hyperbolic case this is no longer
possible, even if the initial data are piecewise smooth. The solution will have
unbounded derivatives near the outgoing characteristic from P. This is not merely a
technical difficulty, but a basic feature of nonstrictly hyperbolic problems. (See [4, 5,
6].) Moreover, the higher order derivatives of u will not even be L' near these
characteristics. This poses a major problem, since we wish to express derivatives of
the components of u as integrals over backward characteristics. We overcome this
difficulty by observing that, near each characteristic, only certain directional deriva-
tives of certain components of u blow up. We develop a calculus for recursively
proving this fact and using it to show that in the integrals over backward characteris-
tics, the high order singularities cancel out.

2. Existence of the solution. Throughout this paper we consider only local
properties of the solution near the curve of degeneracy and, without loss of
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generality, our system can be cast in the form:
Xu(x,t)=f(x,t,u), i=1,...,n;  u(x,0)=u’(x),
(2.1) where X, denotes the vector field 9, + A,(x, 7)d,, and
M(x, 1) =a(x, 1)t =1)""" Ay(x,1)=0.
We may assume that ¢ is a fixed positive number, a(x, t) > a; > 0,and A, f;, and «
are smooth functions. We consider u only in a trapezoidal region R, whose
boundary is composed on the left by the curve tangent at each point to the
characteristic vector field of maximal speed, on the right by the curve tangent at
each point to the characteristic vector field of minimal speed, and above and below
by thelinest = T(T > t)and ¢t = 0.
The vector fields X; and X, are parallel on the line ¢t = ¢, and we impose the
following nontangency conditions on the remaining characteristic vector fields:

(2.2) inf  [A;(x,1) = A(x,1)[>8>0 fori, j=1,...n,
(x,t)ERy
i>j,(j,i)#(1,2).

We shall use the following terminology: x = v,(; x,, ¢,) represents the ith char-
acteristic passing through (x,, t,). The characteristics through (0, ¢) play a special
role in the sequel and are denoted by C, (our argument is local and we can assume
that every v,(¢; x, t;) exists in R;). The functions y; can be inverted for i =
3,4,...,n, while for i = 1 we can denote the two branches of the inverse function by
= Y55 xg, 1g) (Yia(x; X, 10) > 1) and 1 = y7! (x5 x, 10) (Y7 AX; x5 1) < 1).
We also use the space Cy(R;\ S) of R"valued functions on R\ S which are m
times continuously differentiable on R;\ S and all the first m partial derivatives
have continuous extensions to the boundaries.

In this section we prove the existence of a solution of (2.1) in an appropriate
space, involving derivatives of order n, + 2, when we choose the initial data u° such
that

ul € C2(R\{7(0,0,7)}) n C™(R),

uj € C(R\{0})) nC™(R); ule C®(R) Vi>2.

In the sequel we always assume n, > n;. The other case can be treated likewise after
the change of coordinates (x, ) — (), t), where y = y,(¢; x, t), that reverses the role
of C; and G,.

We will look for the solution of our system as a fixed point, in an appropriate
space of vector functions, of the map

(2.4) (M), (x,t)=ul(v,(0;x,1)) + /(;tf,.(u(y,-(r; x,t),r),v(r; x, 1), r) dr.

In fact, if w = #w, then w satisfies (2.1) in the sense of distributions and takes on
the correct initial data. The space of functions that we must choose has a rather
complicated definition because we must allow certain derivatives of order n, + 2 to
be unbounded, but integrable, near C; and C, for ¢ > ; at the same time all the
derivatives are bounded everywhere for ¢ < . In fact if we start with a jump of order
n travelling on C; and a jump of order n, travelling on C,, we expect the following

(2.3)
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picture to be true: For 7 < 1, where the system is strictly hyperbolic, the jump
discontinuities propagate along the characteristics C; and C,; for ¢ > ¢ the deriva-
tives of order n, + 1 still exhibit only jump discontinuities (on C, if n, > ny, on C;
and G, if n, = n,), but certain derivatives of order n; + 2 will behave like (distance
from C, or C,)'*Y7; hence, they are unbounded but integrable (see
(2.5)(ii), (a), (b)); however, some derivatives of order n, + 2 still exhibit only jump
discontinuities (see (2.5)(ii1)), and this feature will be basic in the smoothness results
of §83 and 4. More precisely, we define F""2 to be the space of vector functions
u = {u,}7_; such that

() u, € C"(Ry) N CRTHR\C);

" (R;) itn, > n,,
C"(Rp) NCYTH RN G) ifny = ny;
(i) "+ %u, € C(R,\(C,U G,)) ifi=1,2.

(2.5) u, €

Moreover, if @, i =1,...,4, are the open regions of Figure 2.1, the following
estimates hold, with y(x, t) = v,(¢; x, t) (see Figure 2.1):

() sup |92y (x, )]|f =1 +1y(x, 1)
(x,t)?Qz
t<t

l/plf"1

+ sup [ 2u(x,1)|+  sup |8;’l+2u1(x,t)|Iy(x,t)ll_l/p
(x,n)EQ (x,1)eUi,Q,

=M (u) < +o0;

- p—1
(b) sup [ 2uy| | —1 + [xll/PI
(x.t)e}h
<t
+ sup [0+ 2u,| |x|1a1/p + sup [3)7uy)
(x,)EQ,URUQ, (x.HeY
= M,(u) < + 0.

FiGURrRE 2.1
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(iii) (HX{’"B,’E‘")u1 € C«(R\(CL VU G)),

Y(a, +B)=n+2, Ya,>1,
370 2 u, € Co(RAN(CLUG)) ifl<g<n +2;

(i) u e C"*YR;)NCu (R \C)) ifn, >n,,i=3,....n,
T emtY(R) N T (RA(CLUG)) iy = ny;
(v) u,(x,0) = u?.

We are now ready to state the existence theorem:

THEOREM 2.1. Let R be a region of R? as described in the introduction. If the initial
data u° satisfies conditions (2.3) then there is a unique solution of problem (2.1) in the
space F™"2,

The crucial step is to show that 4 takes F™"2 into itself. It is relatively
straightforward, using Lemma 2.1 of [2], to show that .Zu satisfies conditions
(2.5)(h), (iii), (v).

We will now prove (ii)(b) for (.#u),. The proof of (ii)(a) is obtained in the same
way after having “straightened out” the first vector field with the change of
coordinates ¢: (x, t) = (y, 1), y = v,(t; x, t). The vector field X; is in fact mapped
in X, = (0,1) and X, in X, = (-(¢t — 1)” '&@(y, t),1). We thus obtain the same
type of geometry with a reversed role for X; and X,. For x # O all derivatives of
order n;, + 2 of any u in F""2 are integrable functions along any ith characteristic,
i > 1 (see Lemma 2.2); to compute 3™ *2u, we can use formula (2.4), taking the
derivative under the integral sign.

(2.6) Om*2(Mu)y(x,t)=0""u"(x) + ft 0m*2f (u(x, r), x, r)dr
0

+7\_11(X, ‘Yl—,l(X; 0’ t—))[a;l+1f2(u)](x,y{i(x;(),f)}
~x{(x, t):x>0,1> 9y (x;0, f)}

+}\"11(x, 71_,1(’“ 0, t-)) [aflﬂfz(u)] (i (x:0.0)
x{(x,1):x>0,t> 7 (x;0,1)},

where [ -], ,y denotes the jump across C; from right to left. Using its definition, we
can easily prove the following expression for y,(¢; y, t):

(v, )=y +(t - 0)"G(y,1);

c(r=10)""" -
G(y,t)= —_— r,y,t),r)dr.
(y,1) /, 7Y (n(r;v,0),7)
Asa, > a(x,t) > a; > 0in R, then a; > G(y, t) > a, > 0. Moreover,
Clx—1+l/p < I>‘_11(xv71_,-1+—(X;0’ t'))l < sz—1+1/l’.

=)

2.7)
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Using these inequalities and (2.5)(ii) to estimate the derivatives of u, we get from
(2.6) the following bound on 3™ * (A u),(x, t) for every (x,t) in @, U Q; U Q,,
t>

t

[8;"+2(Jﬂu)2(x, t)| < cl(l + x4 Ay, 1 dr)

yik(x:0.0)

r !x —(r=0)"G(y(x,r), r)|-1+1/p dr)

< c2(1 + x4
Ylix)

2.8 .
(2.8) < 63(1 4+ oxlHp /T Ix — g Hl/”q-l“/l’dq)
X

< c4(1 + x71HP 4 x‘l”/Pf
0

r (1 —s) T Pg1e1/p ds)
where we have used (2.7) to express y(x, r).

A similar proof gives the desired bound in region 2, for ¢ < t. The proof of
(2.5)(iv) is based on the following computational lemma that insures that 9/ *2u,,

1
i = 1,2, are integrable functions along any jth characteristic,j > 3.

LEMMA 2.2. Let y(x,t) = yl(f; x, t). Then the two functions y,(r; x, ) 1*V? and
[y(y;(r; x, 1), r)] ™ */? are integrable in the r-variable everywhere in [0, T] and
V(x,t)€ Rifj > 3.

PrROOF. We give the proof for the second function; the other can be treated
similarly.

Let 7,(x, t) be the second coordinate of the intersection between y,(r; x, £) and
Cy. y(x,1) is zero for any point (x,t) € C;, hence y(y,(r; x,),r)=0 when
r=t,(x, ). We have to expand y(v,(r; x, 1), r) in Taylor series near ¢,(x, ?). As
y(x,t) = v,(t; x, t) we get
2.9 y(v,(r;x,0),r) = (r = 1)[3m (5 v, (ks x, 1), )

+ 0m (13 vj(h;x,t),h)kj(v,-(h;x,t),h)]|,,=,,+f(,_,,y
ge(0,1),
where
0,7, (%15 X3, %3) = 8, v,(x15 x5, x3),  i=1,2,3.
Our function [y(y,(r; x, 1), 7)]"'*'/7 will be integrable if we prove that the

quantity inside brackets is bounded away from zero.
Recalling (2.7), we have

x=y(t;x,8) +(t = )°G(n(1; x, 1), 1),
which implies

(2.10) o1t x, 1) = 1

1+(t— f)palG(yl(f; x, 1), t) ’
A
1+(e=1)"3 (v, (£; x,2),1)°

O,y,(8; x, 1) =
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as 9,[(t — t)?G(y, 1)] = A,, by the definition of G. The bracketed quantity then

equals
AN

1+(t—-1)",G

which is bounded away from zero for the nontangency condition (2.2).

We can now prove (2.5)(iv) fqr (Au),, j> 3, by just differentiating (2.4) and
applying Lemma 2.2. Let y, = v,(¢; x, ). Then
(2.11)

a2 (Mu)(x, 1) = [(azYJ(O; y(x,1), t-)axyj(x, ’)aq)nl”ul(’)(q)]
-v,(0; x, 1) +'g [(82y,(r; v;(x,1),1)3,5(x, )8, f,]

(w vy (rs y(x,0). 1), r) dr

)n1+1

ki
h=n(x,0)+1(r—t))

(Yj(h; X, t)’ h)

)n1+2

+0,1,(x, t)[(azyj(t,; ;s 1)8,5,3, f/]<yl<z,<x,r>:o.i>:r,<x.r>>'
The term 9,7;(x, t) is shown to be bounded taking the derivative of the equality
defining L, v (1(x, 1); x, 1) = 11(2,(x, 1); 0, 1), which gives
8y, (1,(x.1);x,1)
A=A
Estimate (2.5)(iv) follows immediately from (2.5)(ii), (2.11), (2.12), and Lemma 2.2.

Thus, #u € F""2if u € F""2, To solve #u = u we show that ./ is a contraction
on a ball in F""2 in a suitable norm. Define

(2.12) 9.2,(x, 1) =

<c¢ asjz3.

n
(2-13) ||u||,0 = Z ”“i| CNRA(CUC)) 10
i=1
- - n
+81[M1’°(“) + M3 () + X lullen2rpacciocom |,
i=3
where
e / /
”ui”Ci‘(RT\(c,ucz)),:o DM sup l(ax) (3,)° “i(x,t)l
s=1 0 (x.0)€ERN\(CUG)
1<1y
and
n+1
MPo(u) = M/ (u) + sup Y @) (x)" ], i=1,2.
(x,))ER\(GUG) [=0
1<t

Mo is defined as in (2.5)(iii), adding the condition ¢ < ¢,, and ¢, is a positive
constant that will be chosen shortly. We first show that .# maps a ball in F""2 of
radius 2|ju’|| , into itself if £, is small enough. The two basic tools are Lemma 2.2 and
the estimates

[ GG dr et
0
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and
t - - 2
fo (va(rs x, )7 dr < ey (p(x, 1),

obtained in (2.8). From the definition (2.13) of || - ||, , it is clear that the only term
requiring some attention is

el[M{°(ﬂu) + Mp( M)+ ¥ ullene |
i=3

We show how to bound Mi°(.#u); the other two terms can be treated likewise. Let
lhall, < 2|j°|l,,; then

(2.14) &M (M) < 2¢,toule

+& sup {|x, l/pl)\_ll(x Yll(x 0, t) [anl f2]<x ¥kx))

(x,t)ERy

1 1/p

+|x |)\‘1l(x 1, (x))[a;lﬂfz](x,y;l(x))

2
+ fto Z Ia:1+2uiaif2|(xa ")lxll_l/p d"}
=1

< eoftollall + el + 1, Mfo(w)

+M1’o( )f 1 1/17 (x,r)l_Hl/pdr}

< c3(29 + &) lulls < eyt + &) 005
Choosing & and 1, small enough, one gets [|.#u]|, < 2||u°||,0. The proof that ./ is a
contraction follows the same lines. Of the various terms of ||.#u — .#w||, we show
only how to bound eIMZ‘O(/// u — 4 w), the remaining ones being similar.
(2.15) g Mo (Mu — MW) < sllxllvl/pp\ill(x' Yl_:(x))“a:‘ﬂfz (w) - 3n*'p (W)” (i)
+ €1|x|l _Vpl}\—11|( x, 14 (X)) “6;’1 IRCAC RS (W))I] (o
+ oswp [Oald a2 (L) - W) (xr) dr

(x, I)ERT

< cl{slﬂu — wlentirpquen + sup [ y sl|x|1_1/p
(x.t)ER (U

'|aif2 (“)a;‘”“i - ai/l(w)a:l+zwi|(x' r)dr+ t02““0"r0"“ - W“:O}
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< cz{(el + o) ufloffu — wil,,

2
+ sup Z ['a f2(w)| I(anl-é—Z 8"1+2W)|81IX|1 1/p
i=1

(x,1)ERT

a2l (B () = 3.4 )] (x. ) dr}

<cx(g + t0)||u°||,o||u - W”:o>-

This shows the existence of a solution u € F""2 for a small time; one would like to
apply this local existence theorem finitely many times to get existence in all R . For
this purpose one must prove a priori bounds on the solution u to be sure that the
interval of existence does not shrink to zero. This can be accomplished, following the
scheme of §2 of [2], using estimates like (2.8) and (2.11). The proof is trivial and will
be omitted.

3. Smoothness of the solution. In the previous section we have shown that if the
initial data satisfy conditions (2.3), then the system we are considering has a classical
solution in R;\ (C; U G,) even if n; = -1, the case corresponding to a jump
discontinuity in ud. However, certain derivatives of order n; + 2 of u blow up near
C; and C,. When one tries to take more derivatives of u using formula (2.4), one
soon finds that the functions involved are no longer integrable unless one makes a
very careful choice of the differential operators appearing under the integral sign.
More precisely, we are going to show that derivatives like Xu, are bounded near C,,
away from (0, ¢), for i, j = 1,...,n and Vk. This will permit us to find an explicit
representation of the derivatives of any order of u in R\ (U_,C;) again using the
map #, provided that only the differential operator X, appears in the portion of
integral crossing C;. This allows us to set up a bootstrap argument to prove that the
solution u is actually in C*(R,\ (U™ ,C)).

THEOREM 3.1. Let u be a solution of system (2.1) with initial data u° satisfying the
regularity conditions (2.3). Thenu € C*(R,\ (U'_,C))).

PROOF. Let D“u, be a derivative of u;, of order a. Suppose by induction that
G1) () u € [CM AR (U G,
(ii) X"D™*'u, is continuous across C,\ {(0, ¢)} if i #j, h < k; X!'D"*1u, is
continuous up to C,\ {(0, 1)}, h < k
We postpone the proof of the case k = 1, and we start assuming (3.1) to be true
for k. Using the system we get that derivatives like
[1x0D" 1 X;u,
1.q;
(where i=1,...,n, Xfa,+r=k+ 1, r>1) exist and are continuous in
R\ (U!_,C)), and this implies the existence and the continuity, in the same region,
of
X;T1x#Dm*tu,
1.4
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t ﬂ\ Ci2
Q C,
0,7)
C,.1
q
FIGURE 3.1

Moreover, we have that
X;+1Dn,+luj = X}cbn1+lul + XJ"D"I“fj(u)

clearly satisfies, by the inductive hypothesis at step k, the desired properties near C,.
Let us now fix the index j of the component of the solution. We can straighten out
the jth characteristic vector field by applying the change of coordinates ¢;: (x, t) —
(g, t), where we have set ¢ = v,(t; x, t). For simplicity we will again call X, A, f; the
vector fields and the functions of the new variables corresponding to X;, A;, f;. The
map ¢, preserves the nontangency conditions (2.2) for the vector fields different
from X, and X,. The region R is subdivided by the characteristics C; into various
subregions. Let us focus on one of them. The situation is sketched in Figure 3.1.

FiGURE 3.2

We assume that the derivatives of order k + 1 of u, exist below C;, and we prove
they also exist in the open region @ between C, and C,. C; is there only to pick an
initial value for u;. We can also assume that no other characteristic C, lies between
C., G, C,. The argument we present works everywhere in R if j > 3. If j = 1,2,
owing to the tangency of the vector fields X; and X,, we can use it only outside a
region B containing the line ¢ = ¢, but no C,, as in Figure 3.2. The proof that
u, € C*(B) fori = 1,2 is trivial and will be sketched at the end of this section.

To show that u, is in C*¥*1(R2), we need only prove the existence and continuity
across C, of X *1D™m*1y  as we already know the existence of the derivatives of
order n; + 1 + k + 1 containing at least one differentiation along the direction X
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(in the open region that we are considering, X; and X, cannot be parallel). We can
also assume D™M*1l = 8;1“, as we can write any direction as aaq + bX;, and the
terms containing X, are continuous by the previous argument. The following
formula for the change of order of differentiation holds:

k—1
A—A
(3.2) XerF(x,t)= {Xer_ Z csk Xs+1( r J — )
’ ’ o LT N5 (. 0).0)

v, (1 y,(x,1), ¢t
T L e U PP P

XX, g

(r+j),
where ¢J =1, ¢f*! = ¢k + (%), 0 <5 <k, cf}} = 1. Using the previous formula
and recalling that in the (g, t)-plane X is parallel to dz, we have
(3.3)
k-1

XXMy = XA X, + X [ X (N (g ) (0 (6 (g, 0).0)7)]
s=0

k—s—1
Y (X 8y, (5 vi(g, 1), )N Mg O] XX — X)am
=0

Mg,
= {anJ(“) + X; |log a.0) - }XikD"'H“J
3,v,(2: »:(g, 1), 1)
+El,k—l(u) + Z (arfJ)Xvianﬁ-lur’
r#j
r=1,2,..., n

where F;,_, contains only derivatives like X/D™*'u, a < k — 1. Formula (3.3)
makes sense since A; > a; > 0 if i # j (because we are in R\ (C; U C,) and
because of conditions (2.2)). Using (3.3) and the continuity of X,."aq’““u ; across C;,
we get the following explicit expression for (X,."E)(;'1 lu (g, 1):

(3.4)
(xFam+1u;)(q, 1)

= exp(M,(q, 1){ (X£3;*1u;)(q. 1,())

+ [0 e M| T (3,0) XK u, + Fyya (g, ) ds

t,(q) V:l
r#j
where
) A(q,r)
M(q,t)= 9.f.(u) + .XI lo: : - dr
j(q ) '/t.b(li) I:]fj( ) g( azYi(r;yi(‘Lt)’t)))}
and

1,(q) = bv,(q;0,2) +(1 — b)v,(¢;0,7), be(0,1).
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For (g, t) in © we can try to compute X*'3,*'u (g, t) by differentiating the r.h.s.
of (3.4). Formally, we obtain

(3.5)
X}ty (g, 1) = (X,M,)(q, 0)( X[+ u,)(q, 1) + exp(M,(q, 1))

Xi(Xika;l+1uj)(q’ tb(‘l))

n
t
FX [0 e M| B AL X e, + B |(g5) dsp.
t(q) r=1
r#j

The only term on the r.h.s. of (3.5) that must be shown to be well defined is the
derivative of the integral, as the other ones involve only derivatives of order at most
n, + 1+ k in £ and derivatives of order n, + 1 + k + 1 at (g, ¢,(g)) where they
are known to exist. To compute the derivative of the integral we use a procedure
consisting of creating under the integral sign the differential operator X, in front of
9,f; X/‘B;l *1u, (because the derivatives that are created have already been shown to
exist) and X, in front of F; , _;.

Xi[t( ) [a,fj(u)Xik8;‘+1u,] e M(q,s)ds
(g

. 1 “N(g+Agis.t) _ n
36 =\lg I)AI;TOA—(]{/,Y(‘,j:q)q O leMa.f, Xk ] (g + Ag,s) ds

—fr [e' /8,]})(ik8;‘+1u,](q,s)ds}.

1,(q)
We break up the path of integration in several parts according to the scheme in
Figure 3.3 (we have supposed that C, is steeper than C,, but the same argument
works for the other case):

ith Char (@ + A9, 77" (@ + Ag; 9, 1)

(@ 1)
(@ + Aq, v; ' (g + Ag;

4. 17 (g 0, 7))
(@ +Aq,v7'(q +48q;0,7))

(@ v, '@ q + Aq, ‘
Y7 (q + Ag;0,7))

@ 77 '(@;0,7))

@ 77 '@ q + Aq,
77 g + Ag; q, 1)) _—1 + Aq, t,(g + Ag))
@ 1,(q) o

(@ + g v, (q + A9, 1,@)

4

q q+4q
FIGURE 3.3
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Let exp(-M,)3,f, X8/ *'u, = U,. Then the r.h.s. of (3.6) can be written as

N S e CE TV AN
Ai(g, 1) lim — [ 97RT 0D g (g 4+ Ag,s) ds
(q.1) fim 7~ /WM) (g + Ag,s)

. fy,_l(q+Aq:0.t_) U(q+ Aq,s) ds

¥ (g +Aq:q.1,(q))

-1 . -1 <
Y, (g q+Aq.v7 (g+4q:0,1)
-/ “Ul(g.5) ds
%(q)
TN g+Aq:9.77(q:0.1
+ [ (q qq_v (g:0.1)) U,(q+Aq,s) ds
v (g +4g:0.1)

1(q:0,1)
- [0y (g,s)ds
Y, (q:9+A4q,77 (g+4A4g:0.1))

(3.7)

+

(g +4q:0.1
Jrrsan -y (g4 ag,s) ds
¥ (g +8q:9,%71(g:0.1)

-1 . -1
_ (% (giq+Aq.77(g+Ag:q.1))
[ U(q.5) ds
Y '(g:0,1)

- Ulq. s) ds.
Y,

TNgiq+Agq. v g+ Agigar))

In the first integral inside each bracket we use the change of variables
s(1) = v (g + Agsq.1),

whose Jacobian is given by J(q + Aq,q,/) = 0y, (q + Ag; q,!), where J(q,q,/) = 1
since

-1 -1
v g g0+ A -y g; 9, 1)
J(q,q,l)=A1[190 Al

1
= lim —(/+Al-1)=1.
AIITOAI( )

Hence,

1 1
im — ~1] = lim —[J(g+Aq,q.1) - J(q.4.1
(38) Jlim 7-[J(q+2g.q.1) 1] = lim 7 [J(g+2q.4.1) = I(g,4,0)]

= (3,05, )(q; 9, 1) = (30,7, ) (g5 9. 1) = 3.\ M(gq. ).

The limit for Ag — 0 of the sum of the two square brackets is then equal to

. 1 “Ygig+A0q,v7 (g+D8g:q.1) ( -1
lim — [ (9T Re Ul(qg+Aq,v, (g + Aq:q,1)
ag—0 Bq fmq) [ ( )

(3.9) J(g+4q,4,1) — Ulg, )] d
=" [XMa. XU+ (X)) (g, 1) dl,
)

(g
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where we have used equality (3.8). The integrand in the r.h.s. of (3.9) is continuous
and integrable. In fact, using (3.2) we get

XU, = X, (=3, f,xkop 1, )
- [ (e ap)| xiap -,

k-1
+e“Mf8,fj{Xi"X,8;1”u,+ ZOCS"[X,-‘”a]Xj"“‘la“lat;"“u,
5=
= [X,(e78.1,)] XF0; u, + e MR, L XD, + Ry,

where a(a, 1) = (X, — X\,)(3,v,(z; v,(¢, t), t))"* and R, contains only derivatives of
order n; + 1 + k that exist up to C;; a and a™! are C*(Q) functions for the usual
restrictions (2.2) on the vector fields. Moreover, X,(e‘M/E),fj) contains only first
order derivatives that are at least integrable.

The limit of the remaining terms on the r.h.s. of (3.7) is easily taken, and the result
is the following explicit formula.

LEMMA 3.1. For every (q, t) in § we have

(3.10)  (x/1977 M) (g, 1) = (X,M;)( Xfop 1w ) (g, 1)

+eM@ 00 X (Xk8mu;)(q, t,(q))

F [T (XU + (X)) (g, 5) ds

(q) r=1
r#j

+ /,:(q) [>‘_,>1Xi(€'M/Fj,k—1) +(a’}\".1)(e‘M/F}‘k#])](q, s) ds

+ 3 (60, 1(0)) = 0,(0) Ul 1,(0))

r#j
+ [ljr(}\_ll - >‘—rl)]<q.y,'1k(q,0,t')) +(l]r(}‘_r1 - A;l))(q’ t)] .

One can repeat the same argument in the region above C; and then for the other
components of u.

)(,."“8;1“14  computed as above seems to have a jump discontinuity across C,.
This depends only on the technique we had to use in order to avoid the creation of
certain derivatives of order n, + 1 + k + 1 inside the integrals. But once we know
that X/*19/1*1y, exists continuously up to C, for r = 1,...,n, we can repeat our
argument, taking, inside the integrals, derivatives along the ith direction on all the
functions. This eliminates the jump across C,. The previous argument does not work
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for u,,i = 1,2, in region B of Figure 3.3. We fix ¢ > 0 and define
B.=Bn{(x,t):y(x,t)>eift>1} n{(x,1):x>eift > 1},
where y(x, t) = v,(t; x, t).

B, has a role similar to R, if we draw the first or second backward characteristic
from any point in B, it will intersect B, N 9B, that we can consider as a nonchar-
acteristic initial line. We want to prove that Ve > 0,u,, i = 1,2, arein C**1*"m*1(B),
knowing that u; € C¥*1*m*1below B and u, € CK*1*"*Y(R,)ifr = 3,...,n. We
can consider u,, r > 3, as fixed C¥*1*"*! functions and need only prove that the
semilinear nonstrictly hyperbolic system Xu, = F,, i = 1,2, with initial data in
Ck*1*m+1(3B) and F, € C¥**m*1(B), has a solution in the same space. This can
be accomplished by a straightforward contraction map argument that we omit.

The case k = 1 could be treated, if n; > 0, in exactly the same way, also using the
definition of F"">. But if n; = -1, we cannot use the trick of linearizing in the
higher order derivative as in (3.3). We then have to use a less intuitive procedure. As
u is in F""2, we need only show that XlD"l“uj. is continuous across C; \ {(0, 7)}
for j > 1 (if n; = n, we must repeat the same proof for C,). We consider X; D™ *'u,;
the other components can be treated similarly. The only interesting case is D™ "1 =
am* ! because otherwise we can use the system to lower the order of the derivatives.
We have the following expressions for the jumps of 9,3/ *'u, and 8" *?u, across the
two branches of C;:

(3.11) (882 2] eopicoin = [0 L] wiroinys

(=)
(312)  [397 5] (s pitmoiny = —(307 1 (x:0,0)) [37 1o ()] (e yiicioniny
) ) ©
—>\'11(x, Yf‘(lf)(X; 0, t))[a;‘ﬂfz(“)] (xilx:0.0)"
(=)

I

From (3.11) and (3.12) we get
(3.13)

1 _ 1 2 —
[ X007 5] ot oy = (882 2] cat =y + [N 2] (at, —ry = 0
(=) (=) =)

4. Smoothness across C;, j > 3. We can now consider the regularity of the solution
u of our system across the characteristics C;, j > 3. If the system were linear the
solution would be smooth across them; in the semilinear case we prove instead that u
is at least of order (n, + n, + 1 + 2)p on C, for j > 3. The counterexample in the
last section shows that this is the best possible result in the general case. The proof is
quite long, and we subdivide it into various steps.

Stepl.u € C*"*D(R\ (C, U Gy)), (8,X1)"1“uj € C(Ry),j=3,...,n.

We prove Step 1 by induction. We know already from §2 that u, € C™ YRy if
j=3and u, € Cp Y R,\C) if i =1,2. If n; = -1 there is nothing to prove;
hence, we assume n; > 0. This enables us to use the same procedure as in §3. More
precisely, let L* be the differential operator defined by

_ (3,X,)* if 5 is even,

(4.1) L
X,(3,X,)° "% ifsis odd.
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We assume by induction that u € C" "' (R, \ (C, U G,)), L "' u, € C(Ry)
Vj>3, k>0, and we want to prove an analogous statement for & + 1. Any
derivative of u; of order n; + 1 + k containing a differentiation along the direction
X; can be shown to be continuous using the system and the inductive hypothesis.
Hence we need only prove that L™ *'*¥*1y & C(Ry), as 3, (or X)) and X; are
nonparallel vector fields. Following the same procedure of §3, we consider the hnear
equation satisfied by L™m*1¥ky, , write an integral formula for its solution (not
containing L™ *'**y,), and then compute L™*'***1y with it, being careful to
create the right k1nd of derivatives inside the 1ntegrals 1nvolved We first need a
formula for XJ.L"”““" u; in terms of derivatives like L*u, if j > 3, s <n; + 1 + k,
and du, for i = 1,2, s < n; + 1. The following formula is easily proven by induc-
tion:

(42) )(}Lm+l+kuj ha(u’ X, t)n{a;}ula;}uana}ui}(t _ [)/(Ia1|+|a2|‘n1+1+k)’
J !

o ={olal i)y i=1n iz 3,
with conditions
5 [n1+l+k+l] L [n1+1—k]
maxe; < | — 5 |, maxa; < >
J 2 / 2

where h  are C* functions of their arguments and /(m, n) is given by
(4.3) I(m, n) = max(mp — n,0).

The different bounds on max j(a}, a}) depends on the order in which we take the
derivatives in L™ *!*% The idea is that a derivative like d,u; can be written as
X,u; — A3, u;, while any derivative of u; is a linear combination, with C* coeffi-
cients in R, of 3, (or X;) and X;.

We can then follow the scheme of §3 step by step: using (4.2) we can write a
formula similar to (3.4) for L™ *'**u . To compute L™ *!***1y, we can use the
procedure of Lemma 3.1. Namely, inside the various integrals corresponding to the
various terms of the sum in the r.h.s. of (4.2), we create (with a change of variable
similar to the one used before) a differential operator according to the following
rule:

X, in front of Lm*'*%y  i>3, i#j, 9, (or X; according to the parity of
n; + 1 + k) in front of the remaining ones.

The terms, analogous to the ones in (3.10), coming from the segment near C; (or
C,) and (x, t) either vanish or are continuous, as all the terms of the integrand are in
C(R;) if k < n,. There is one exception: the case k = n;; then a term like 9,2 "'
appears in the integrand, but the next derivative is 9,, so that in computing the
derivative there is no jump term across C, (as 9, is parallel to C,), and the jump
across C, is zero since 3" *1u, € C4o(R;\ C,). We omit the details referring to §3.
Once we know that (9, Xl)"l“u € C(Ry) Vj = 3, we can write a formula for
(9, X, )"'“u}, that is the true achievement of Step 1. Using (4.2) for k = n, + 1 we
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have
(4.4)

(atXl)nl+1uj(x’ t)

= eMl(x"){12(,,14.1)(“0(71-_1(0; X, t)))

x e M e )/ g !
+f - E (1=1) (s+r2(n + ))a;ula;u2]j" + R,

v 0. x. 1) / A\sr=0

(4.v7(g; x, 1)) dq}’
where
(45) () L= > ha(u, x, 0)(1 = £) 101110
a::=1....,n
al=(a{ ..... a3(111+1))

Tl |<2(ny+ 1) = (r+s)

a},}s; a,2,<r: a},<2(nl+1)vl,i>3

TI( TT 2% )audsiun,

n \ix»3

n -
(ii) R, = 2 hi(u’ X, t)LZ("l+l)u,'; Mj = f; mj(ua q, Yj_l(q; X, t)) dq.
i=3

12<,,1+1)(u°) is a C* function depending on 9/u’ for r < 2(n; + 1), and m, H,, h, are
C* functions of their arguments. In (4.4) the various singular terms are separated,
and each will be treated in a different way.

REMARK 4.1. Formula (4.4) does not make sense if n; = —1. That case is, however,
much easier. In fact, one of the major problems if n, > 0 is the term R;, as there is
no higher order derivative of u;, j > 3, that is bounded or integrable near (0, t:).
Instead, if n, = -1, Xfu; and 3/u; are bounded in certain regions containing (0, 7).
We will explain how to deal with the case n; = -1 later on.

In computing higher order derivatives of u; using (4.7), we create inside the
integral derivatives like X,."a;'l“u,, i, r = 1,2, whose behavior we must now investi-
gate. We set up an inductive argument that will show, at the same time, the bounds
on such derivatives and the continuity across C;, j > 3, of the derivatives of u up to
the order (n; + n; + 1 + 2)p. For this purpose we must study in great detail the
behavior of certain derivatives of the solution near the “bad” characteristics C; and
G,.

We assume the following inductive hypothesis for

n+2<k<(n+n +1+2)p:
(4.6) All the derivatives of order k of the solution u are in the space

C(Rr\(CL U G,)).
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c AF =0 )
1

x = 'Yﬁz(t)

FiGure 4.1

Moreover, the following bounds are true Vg € (0, 1) (see Figure 4.1):
(1)
|X{505u,

(x,1) < My[1 + x-C=s/p=simelel/o] oo

il

0,....k if (x,1) € Q8 = {x > 0,v{2(x;0,7) < r < 1By(x)},
s =
0,...,n+1 if(x,1) €@ ={x>01(x)<r<y'(x)}],
where 15 (x) = Blyii(x; 0,1)+ (1 - Bl)f and ¢ = yﬁ‘l(x) is the upper branch of the
ingr)se of the function x = By,(t; 0, ¢). (The two regions are sketched in Figure 4.1.)
ii

185735, |(x. 1) < My[1 +(p(x, 1) H=/pmsomsan] -y o1,

0,....k if (x,1) € @8 = {x < 0,1 <y(x)},
S=
0,....n+1 if(x,t)e Qb= {x <0,t>y5!(x)orx>0,1> yﬂ'l(x)},

where y,;zl()f) is the upper branch of the inverse function of the integral curve
through (0, ¢) of the vector field (-8,A, 1) for 8, € (0,1).
(i) Ifj > 3and k > 2(n, + 1), then
sup |X1k»2(n,+1)L2(n,+1)uj(x’ t)l
(x.neQfrueh
< My(1 + x - 2m+D=D/pHm =20 -1/p))

and

sup |atk—2(nl+1)L2(n1+l)uj(x, t)l
(x,1)eQf2uQf

< M4(l +(y(x, t))_(k_z("l“)—1)/p+(n1+2)(1—1/p)).

Step 2. Proofs of the bounds on X}~ *8ju;, i, j = 1,2.
We suppose the inductive hypothesis (4.6) true for k. We explicitly show the
bound for Xf%95u,, as 050 u, can be treated likewise after the usual change of

coordinates that exchanges the role of 9, and X;.
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We first consider a bound for 3 *'u,, i = 1,2 and k < (n, + n, + 1 + 2)p in the
region Q8 = {(x,1): x > 0, ¢ < tg(x)}. The problem is that the line ¢ = 1 lies in
this region, where X, and 9, are parallel. This hinders us from using the procedure of

§3.

However, recalling equalities (2.7), we have in Q41
(4.7)

y(x ) = x = G(y(x.0), )1 = )7 > e x = (15,(x) = ) "G (y(x,1). 1))

= C1X[1 - BIG(y, t)(G(y(x, ¥4 (x;0, t)), ¥4 (x;0, t-)))_ll > c,x
if 8, € (0,1) is small enough and 7 > 7.
(4.8) (r—t+p"?P(x,1)) >t —y{}(x;0,1)
> x? ifr> itz vy Nx;0,1).
The case k = n; + 2 follows immediately from (2.5)(ii) and (4.7), (4.8). Let us
suppose now that hypothesis (4.6) is true for k. Then

(4.9)
(8fu2)(x, 0) = [7(32£:)(x, 9) dg + Bfu®(x)
k—(n+1)—1
+ Z af_(nl Thmeml [(a;+nl+lf2(u))axyil] <x.7{l(x:0.t-)>'
s=0

Using basically the same procedure of Lemma 3.1 we get
(4.10)

!

2
(35 uy)(x, 1) = /O Y 3,105 u, + )y ho(w) [ 182,
i=1 sl

o= (af.... oy}
Ll ile'|<k+1:max a;<k
i=1,....n

+ Z (>‘_ilaif2Xiaf“i +(al>\i)aif28fui) (x,q)dq

i=3

+L,(3ul(x);s<k+landr=1,...,n)

k—(nm+1)
k—(ny+1)=s [ y-1qs+n +1 .
+ Z a.x o s[}\l a; " f2]<x,y{__’(x;0,1)>
s=0
-
dv xR
i ij

o

| Lle'|<k+1; max o) <k (X Nx:0.))

+1 X 005w (A - A7) :
[i=3

(x A (x50,1))
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where L, _ ; is a smooth function of its arguments. We can rewrite (4.10) in the form

(4.11) (3%+1u,)(x,1) = j: ( zz:l a;fzafﬂu,-)(x’ q)dq + R(u, x,t).
An estimate for R(u, x, 1) is easily derived using the inductive hypothesis and the
expression for A (x, y{2 (x; 0, 1)):
(4.12) M (v (x50, 1)) = X 7V2f (x, v (x50, 7)),
where fis C*(R ). We have

IR(u, x, 1)] < cyx- KD m+141/p (4 1) e Qb
In fact, the most singular term in R(u, x, ?) is

[(a:_(n’H)}‘_ll)(aglﬂfz)]<x.yli_‘(x;o,i)>a

which satisfies the desired bound. To bound the derivative of u; we can now use the
usual procedure:

(4.13) X0kuy = (8,f; + ¢, A1) 0fuy + 3 8, f10fu; + Fy iy (u, x, 1)

i=2
where
F,= ) h,(u, X,t)nafjui.
o \Tjld|<k; o <k—1 ij
Let
My(x, 1) = fot (3,/1 + cdA)(vi(r; x, 1), ) dr;
then
(4.14)
(Bt)x, 1) = M0 [1 00 F (818804 B ) (i)
i=2
+(8fu°)(yl':(0, x, t))}
v(x,t) € @8,
and

(4.15)  |(8%+ 1wy )(x, t)| < Cl/(;t 0, /05 1uy (vy(rs x, ), r)| dr + Ry(u, x, t),

where

IR1(ll, X, t)l < sz_(k+l)+"1+1+1/p.
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We can now substitute (4.15) inside (4.11). Let 7, be a positive number to be
chosen later; we obtain

(4.16)
sup |xk+1—(n‘+1+1/p)a;<+1u2(x,t)|
(x.1)eh
1<t,
< - sup ‘xkﬂ—(nlHH/p)afHuz(xv t)l |82f2(x, r)| ar +(SUP|31f2|)
0 (x.yeoh
t<t,
,
Sup {xk+1_("l+1+1/p)/' d’f ds'azflafﬂuz(h(ﬁX,’),S)"*' Cl}
(x,1) Qb 0 0
t<t,

k+1=(m +1+1/p)gk+1
X

<c,+  sup |x uzitesup [0, £,

(x.1)€Qf
1<t,
r k+1—(n;+1+1/p)
t X
+ (sup |9, 1| sup|d, f5]) sup [ dr ds(——*) ]
( 271 ! 2)(){’1)69?, '/(; ‘/(.) 71(5; x,r)

1<t,

Recalling (2.7) and (4.7), we have the desired estimate for 3%*'u,, provided that , is
small enough. One can iterate this argument sufficiently many times in order to get
the estimate in all of 24:. In fact, the time interval ¢, depends only on f,, f,, and the
geometry of the system. Using this estimate for 0X*'u, and (4.15), one can easily
obtain the estimate for 9¥*'u; (actually better because the absence of the term
created by the jump discontinuity across C; in 3% **u, lets us gain a factor x'/7).

We can now go on to the estimate for X192u;,,i = 1,2,andn; + 1 < s, + 5, < k
+ 1. If i =1 and s; > 1, we can change the order of the derivatives and use the
system and the inductive hypothesis to get the desired result. We focus on the case
X9%2u,.

We start with the region Q% where we already know the bound on 3f*!u,,

i = 1,2. We can express X;1952u, in terms of 3 **2u, and Xl"‘afuj, a+ B <s+ s,

-\ (B~ 5.5 L o
(417)  Xpdgu, = r By g(u)(r = 1) FAF 7oz =D
o Bli=1,..., n
(e |+ B < s +5,— 1
il |<s—1

i i - -1
TTxEe8u, + ar(r — 1) P Van o,
iJ

where /(m, n) is given by (4.3). (The formula is easily proven by induction.) To get
the desired estimates it is sufficient to plug in equality (4.17), the bound on 31 **2u,,
and the inductive hypothesis (4.6). For example, consider the last term in (4.17) (that
is actually the most singular one). Using the bounds on 91 **2u, we get

- — - -1
asl(t _ t)»‘l(!’ l)a;']+s2u2|< Clt _ l]Sl(p )x—(sl+:2)+(n1+l)+1/p

5 — . 14
< x7S2TsptmIrP aein QB |t — 1 < ogx.
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We are now going to find a similar bound in the region % = {(x, ¢): x > 0,
g (X)<t<vy Y(x)} (see Figure 4.1). In this region we have, in the inductive
hypothesis, the restriction s, < n + 1. The basic fact is that in this region the
following relation between x and ¢ holds:

(4.18) byx>(t—1)" > b,x.

The technique is always the same, and we refer to §3 for further details. We already
know from Theorem 3.1 that for s, < n + 1 the function X;'8;2u, is continuous in
Q5 Using (3.3) and (3.4) with i = 1, j = 2, and taking (x, t,) as initial point, where
t(hliga)flxed number such that 75 (x) > 1, > 15(x), 8 < B, ((x, 1) € Q5"), we have

(X7 7195u, ) (x, 1) = MO X192 u, )(x, 1)

f e 0T q)(zaszS’_laxzu +F (x,q) dq,
%2
where we have the following expressions for A/Z and F,; _:
(4.20)
(@)
exp(M,(x, 1) = My(x, r))
= exp([r [ ,fh + X log 6}\ (x,q) dq)

+exp( [ 8uf, + 8,108 ) + Ad.log A, — X,log 1, (x, 4)d |

r

A(x, £) A7 (x, r)exp (f’ h(x,q) dq) = A\ (x, AP (x, r)eMatxrn,
(if) '
B2 = )y fup(u, x, t)HXl"?af/’u,.
a1 s 4522 !
ol <s;— 18—,

$;=28-2—r A
+2 X (X{“a—’)
r=1 ¢=0 sT1
Cr.q(Xivlvz_r_qaﬂl)\il)(xf( X, - 8,)8;2142

A
+ X |3 A X 205, ifs, =n, + 1,
9,7, *

G (Xp27 9, yl)XqE)‘Z“u

+| Xt Z xp2h ”l X327 X, - 8)0%u;
a2Y1

d
+ Z—‘YIXls'_za;Zfz}
A

ifs, <n+1,

where F, 5 are smooth functions of their arguments.
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With the usual technique we compute X;'9;2u, starting from (4.19):
(X11052u,)(x, 1)
= (X, My (x, 0))( X 7195w, ) (x, 1) + eM 0 (X7 19u, ) (x, 1)

] 1 - -
+A1eM2(X'l)-/;l {}\_le(e MzFZ.S]‘Z) +(at>\1)F2,S1_se Mo

+ Xl‘ (8,0 X 10w,
i=1 L%
(421) "
X (atxi)aifZe_MZXISI—]a)izui}}(‘x’ r) dr
A (x,t) — - §1— s
+eM2X}—(—x——tj(F2‘sl_2e Mrt e Mzalflel laxzul)(x’ tl)
\

reton (o) X (| Sa a0 ()

i>2 i

e M (X - Ail)a,-fleﬁ-la;mi]<x.yl-__«x;o.,~)>}.

We know how to bound all the derivatives appearing on the r.h.s. of (4.21). In fact,
after having applied the system, the only derivative of order k + 1 present in the
formula is

Xl((Xls'_la_izuz)(x» t1)) = (A0 X7 105u, )(x, 1),
for which we can first change the order of the derivatives and then apply the
estimates valid in region 24!, The most singular term in (4.21) is

eM ) (x, t)f;\l—Xl(e'Mz(Fz,sl—z + alflesl—la;zul))(x, r)dr.
1

We show how to deal with it. The remaining terms can be treated likewise and turn
out to be much easier.

Recalling (4.18) (still valid if B, is replaced by 8) and (4.20)(ii), we have the
following bound for the integrand:

'{}\ (x, t)eM 0N 1X, [ 6 SXPTRR U + F ~2)]}(x r)‘

AN(x,t)
17\1(x r)

[(rEMz) (02X 100Uy + By, )

4.22 e 5 —1as
o + (s 18x2u1+Fz‘sl_J}

(x.r)

Ay(x,2
, l(x ) [( 1 (x-sl/P_52+"l+1+2/p+1)

(r=0)" ' (r=1)

+(1 + x—sl/p—22+n1+l+1/p)]‘
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Hence,

(4.23)

| X7052u, (x, 1)]

SCft A(xt)[
lfl r-t)pl (r—t)

< czx—-sl/p s2+n1+1+1/p‘

—sl/p—s2+n,+1+2/p) +x—sl/p‘~:z+n1+1+l/p+ 1| dr

This completes the proof of Step 2.

Step 3. Continuity of X**(3,X;)" " 'u;, r =1,2,i=1,...,n, across C,, j > 3, for
k+1<(n+n +1+2)p—2(n,+1).

First of all we reduce the problem to proving the continuity of X**(3,X;)™*!
across Cj, Jj = 3. In fact, if we assume that our inductive hypotheses are true for k,
and we consider u, near C, for i+ j, we have that X X{(3,X)""'u, and
X, X{(9,X,)™ *'u, are continuous together with X, X{(3, X;)" *u, (the first using the
system, the latter using a technique like the one in §3). The only other derivative we
need to examine in order to show that the solution

uec C2(n1+1)+k+1(RT\(C1 U Cz))

is either X{*1(3,X;)™ " u; or 3/71(3,X,)"™ *1u;, j > 3. We choose the first or the
second according to the sign of A . We fix the index j from now on. Let us assume
for definiteness that A; is positive; we then choose to show the continuity of
X9, XM tu  across C;. We first need a change of coordinates that symmetrizes
the vector fields X, and 9, and, at the same time, makes the vector field X; parallel to
a,.

Let ¢ be the function ¢: (x,1) = (x, ), ¥, = yj‘l(O; x,t), and let ¢ be the
function ¥: (x, y;) = (w, y;), w = ¥(£; x, y;), where y(r; x, y;) is the curve through
(x, y;) such that

v(r x, y;) = (%*)( (r; %, 3,), 7).

We have that

oo A1y 5 (1
Xf*Xf‘Gg(O)"‘f(O)’

where 7, 0, A ; are smooth functions bounded away from zero in R7. C, is mapped
onto y,(y;; 0, 7) and C, onto y.(y;; 0, r), symmetric curves with respect to the y; axis.
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REMARK 4.2. The line w = 0 in the (w, y,)-plane is mapped by ¢~' o ¢! onto the
curve through the point (0, ¢) tangent to the vector field (A,/2z,1) in the plane
(x,t),withz =1 — >\1/2}\j.

We can now start to compute higher order derivatives using (4.4). We apply the
following rules:

(4.24) (a) On the term containing (¢t — ¢)X™m*D(P=Dm+1y gm+1y  we take the
right kind of derivative near each C;, i = 1,2, so that the integral makes sense.
Figure 4.2 describes the procedure:

N

Yy
G (o

\ P Py / Lo
\7_(-;q,y1) \ / ﬂ(wq, y,)/

@ yy) @ y,) w, yy)

©,7)

Py = (r 0y + Aypiw, ), 9, + Ay))

FIGURE 4.2

The picture describes the paths of the two integrals in the difference quotient and
shows how to compare the two integrands along the right characteristics. The
segment P, P, gives a term at (0, y;). Namely, working in the (w, y;)-plane we have

X, [ Fusq, ) dg = (AF)(we, ) + [* {XF+(-0,1,)F)(q. y,) dg

Yo

[T F @A) F) (g, 5) dg + (X F)(0, ).

(b) Inside the integrals containing (¢ — ¢)/(" 1 +s2m+Mgsy gm+ly, s < ny, we
take a 9, derivative. This also gives a term at (w, y;).

(c) The term R, in (4.4) is the sum of n — 3 terms like /,(9,X;)™ *'u;; in front of
each of them we create the operator X;; this also gives n — 3 terms at (w, ;).

(d) In front of the remaining terms we take an X, derivative.

(e) Since M, = [*h(u, g, y;) dq, we compute its derivatives by first creating inside
the integral the operator L and then mimicking the procedure described in (a)—(d).
Let F, F., F; be the differential operators defined by

Fof=XS+QX)f Ef=X[+QMN)S
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Applying rules (4.24) to formula (4.7) we get

(xi@xX)" " w ) (x(w. ). 10w, )

np+1

- (Xl Ml(X‘ f))(3,X1) u/(x(w’ V,). t(W, ,V/-)) ¥ eM,(x(w._r,)J(w,yj))

‘<i2(n,+1)+1(“0)
+f0 F_(e’MJ(t _ I-)Z(n,+l)(p—1)zn,+1.n,+la:n+1ula:l+lu2)(x(q,y/), t(q,_)_//-)) dq
o

(e M (Y ) ((0,3). 10, )

w . S\2Un +1)p—1) 5, R E
+‘/(; F+(e M,(t_ l) 1 P Lzl+lnl+1ax11+1ula;rl+lu2)(x(q,y/_)’t(q’y[_)) dq

m+1

+fw F+ Z e-M/([ _ I_)I(r+5‘2("l+”)zfr‘sa;u[a;.uz (X(q, y/)’ t(q‘ ,VI)) dq
(4.25) I Pt

s=m

. ny
+j‘ F_( Z o ;([.. })"’*”'”'2""“”Z,"”'”Q{ula;’l“uz)(x(q,y,),t(q. —V/)) dq

"o r=0

n
4 (lee‘M/ Z (l _ f)””""+1'2("'+1))zr‘"‘+1a:.u18;"+1u2)(x(w, ,V/)* t(w, ,V/ ))
r=0
w - nyp+1
A @A) ) (20 5).0.)) o

w(e M [@x) " u] (R = 1)) (x(w. ). f(W~.v/))]

where L, .1y, is smooth in its arguments and w, = w(yj‘l(O, x, t),0). Expanding
the derivative in the last integral and using the system, we get an expression like

n n
Y Y (xu)[@x)" wlh,+ T wTT(%udu, [12%,).
i=3m=1 Tlal<2m+) >3

i#] af'<m+1,m=12

Using this expression it is easy to recognize that in the r.h.s. of (4.25) there are no
derivatives of order 2(n, + 1) + 1 of u (unless n, = —1, but this case will be treated
separately in Remark 4.3). Moreover, all the functions contained in the integrands
are bounded in the region of integration.
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REMARK 4.3. Our procedure is not valid if n, = -1, since (4.4) does not hold in
this case. To deal with this case we first notice that for i = 1,2 the following formula
holds (see 4.2):

(X, g )(x, 1) = M0 (X ) (x4, 1)

x oM [ 2 .
+f X 3,f, Xu, +h0(u)(q,yj (g; x,t)) dq|.

X0 J r=1
r#j

Moreover,

() (0., 60, ) = [[1-

A
du, + Xiﬁ](x(o’ 3):1(0.3,)).

Applying twice the usual trick, we get
(4.26)
(lej)(x(w’ yj)v t(W, yj))

= M0l (Xu,)(x(0, y,), £(0, )

w g'M/l u
+/O y ga,f;xlu, +ho | |(q, ) dq
oy
— o Mix0) /” eM( 2.5 Xu, + hy||(q,y)dg
0 r=1

r#J

A
+ rfj)(x(o,y),t((), y))
+ 1_& Mo | I 0( 105 x, ¢
}\j e M l(u Y ( ,x,t)))

+f0 e'M’Z( X0 fu, + ho) (q.y) dq
oL
Formula (4.26) is almost identical to the three terms in (4.25) corresponding to rule
(4.24)(a). In fact, for the case n; = -1, we can just keep applying that rule, avoiding
the following complicated procedure.
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Examining the r.h.s. of (4.25) it is easy to get the continuity of X,(3, X" 1u; )
across C;, as all the terms are either continuous across C; or (the ones at (0, y;)) tend
to zero as (x, t) tends to C; (corresponding to y, — t, wh1ch 1mp11es that A, tends to
zero). We can repeat the same argument for j = 3,...,n, obtaining that u €
CHMHIDHRLN(CL U G)).

For later purposes we rewrite (4.25) as

(Xl(atXl)nl+1uj)(x’ t)

(4.27)
—eM(A, + 4, + 4, + A ) + (X, M) (3,X,)

nl +1
j k)
where

n

i 3 % . SNHr+nyp+12(n +1)

A}‘p — (2)\16 M; Z L""l“a.,’,ula_(.’l”uz(t _ t) (r+m (1) ))(x’ !):
r=0

A:.u =j‘0 F_[(e‘ /(’ _ t')2(111+l)(r1*1)I:lyl+l,'ll+la;ll+1ula\r‘1,+1u2)](x(q’ V/)7 t(q '.V/)) dq
Wo
+wa /(t )2(m+1)(p l)L”l+1"‘+la"‘+lua”‘+lu )(x(q,y).t(q,y)) dg
0

+7 +(27‘19— /I"nl+1.n|+l(t _ ;)2(11,+l)(P—1)a‘l'1l+1u18('1l+2u2)(x(0’ y,), t(O, ,V,))~
Z includes all the terms containing the factor (z — 7)™ "D ~D created in the other
integrals. In 4}, we gather the terms containing 9" 'u,; in A4} ,, all the rest. The
subscripts a, b, d of A} refer to which of the rules (4.24) we are going to apply in
taking the next derivative.

We now suppose that u € CXm*D+4(R_\ (C, U C,)). We need an explicit
expression for X{(3,X;)™*'u;, We have it already for k =1 (4.25), and the
following formula gives it for k < 2(n; + 1)(p — 1) + p. One can then use rules
(4.24) to compute X{*'(3,X,)""'u;, obtaining at the same time the continuity
across C; and the proof of the formula itself by induction.

(4.28)
(xf(, Xl)"‘“u‘)(x,t)

zk:( )( 1 ){12(n1+1)+1(“)

+AL e r) + ALy (x, 1) + AL y(x, 1) + 4 (x, 1)}
The expressions of A} are rather complicated, and before we can give them we need
some notation.
Let o', B/ be 2n multi-indices. Then we define

(429) (i) H:,(u) = n(Xfia;"rul)(xffa;?uz)n(XfiLa'ru,.), s=1,2,

(ii) W,5(u) = H A 7, A%, A% BF BF; BF,,.
The B;’s are defined in (4.30), Wthh gives a compact expression for XlM The
procedure used to compute this derivative is similar to rules (4.24), and we write,
similarly to (4.27) (4.28),

(4.30) XiM; = B}, + B, + B/, + B} .
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If s < 2(n; + 1) then the B;’’s are given by
(4.31) B’,=B,=0;

_ =\ (e |+ |e?],5) +p—1 .
Bjs.p(x’ t) - Z ha(u’ X, t)(t - t) Havﬁ’
a'={a,..., ag}i=1,..., n
Ll +|B D <s—1

1,2
o, o, <n +1

w(x,1) - otl+a.s
Bx.)=["" L (hawx (o= D 0g )

wo o

Ljd|<s
o). <[(s+1)/2]
(x(q,¥).1(q.y)) dq.
If s > 2(n; + 1) we define (recalling that y; = y,(x, 1), w = w(x, 1))
(4.32)

s—2(n;+1)

Bf‘a(X, 1) = /OW(XJ) Z (1 - I-) 12(ny+1),2(n, + 1) + k)
k=0

Z ha,BHi,B (x(q’ )’,),l(q, )’,)) dq
a‘\Bl
(e |+ B ) < s~k

max;s 3 (.07 ap/2) <m +1

s—=2(ny +1)
+ fO Y (i- t‘)l(2(n1+1).2(n1+1)+k)
wo(x,1) k=0
2 2
Z ha,BHa,B (X(q, yj)’t(q’ y_/)) dq
al‘Bl
Ll +IBD<ss—k
max;; 3 (a7 ap/2) <y +1
s—2(ny +1) r
+ Z Xl[s—l(n1+1)—1—r] Z (t _ [)/(2(n1+1)‘2("1+1)+k)+p—l
r=0 k=0

> hfxﬁ(H;.B + Hiﬁ) (x(O, )’j)’ 1(0, Y/));
I’Bl

Z,(|01'|+I,B'|)(;2(n|+1)+r—k

max,, 3, (ab.0f a)/2) <m +1
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w(x,t)
Bﬁb(x,t)=f 0, )y
Wo(x.0) o .00
Zi (e |+ O+ D <s—(m + D) —v
max,-23_,(a§,a’,/2)<n1+1;a1,<n]:n’,,@ﬁss—2(nl+1)

S\ U+ Ll e g+ 1 4ol |+ P 4 o) 1
(t—1) h H, oW, o

-(x(q, y)» t(q’ y)) dq’

Bun=["" R (- pee

wo(x,1) o 0.0

(e |+ +]0 D <ss—v
a?<nyialal2<n +1
.0, <s—2(n; +1)

'ha,n.O.vHa,OVVT;,O(x(q’ ,V), t(q’ y)) dq,

- =\ [(|d |+ ] e |+ ||+ o)+ p—1
Bjs,p(x’t)— Z (l—t)
o B O o
(e |+ B+ 0|+ ) <s—v—1

max;, 3, (al.a?,a/2)<m + 1m0l <s—2(n +1)

e op(ux, OV HE W, 0)(x, 1),

where the functions /& depend smoothly on u, x(g, y,(x, 1)), t(g, y;(x, 1)), w(x, ),
and yj( X, 1).

The recursive definition (4.32) is consistent for n; > 0, since it contains only A7
and B/ on the right side with k < s — 2(n; + 1).

We can now give the expressions for A, which are almost identical to the
corresponding ones for B, except for 4] .

(433) A;'a _ j(‘)w(x.t) i (t _ l:)l(Z(nl+1).2(n|+l)+k)
k=0

Z ga,ﬁ(u’ X, t)e-M/H;,B
alvBi

(o |+ (B ) <s—k+2(n +1)

max,, ; ,(at.a?.al/2)<n +1

(x(q,,).1(q. ) dg
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N

+/0 Z (t _ [)/(2("1+1).2(n1+1)+k)

r=0

Z e—MJga,B(u’ x,I)Hﬁ.B
al‘Bl

Ti(la|+|B D <s—k+2(n +1)

max,zlr(alr,arz,a’r/Z)gnl +1

(x(q, %), 1(q, y))) dg

r

-1
+ sz Xls—l—r Z (t _ t_)1(2("1+1).2(n1+1)+v)+p—1
r=0

w(x,t)

(x.t)

(x.1)

v=0

)y e M'gi.B(Hiﬁ + HaZ.B) (O’ yj);
ai‘Bl

Z ([ +IB D <2m + D) +r—v

max,;3‘,(a1,,af,a',/2)<nl+1

e Moy u, )y 8o
a'.@',n‘,v
(e |+ ||+ h<s+(m+ D —v
af<mpmaxg; ,(of /) <m + 1 <s—1
=\ (|} [+ [P+ ny 41| |+ e+ np + 1+ 0) g .
.(t_ t) Ha‘OWn,(D (q’ yj) dq,
w(x,1)
-M. v
Z e Iga,v.n

a’.(’)’,n’,v
Z(le|+]0 )+ ' <s+2(m + 1) -0
max, 3 (ab,al/2)<n + 1ol <njin,<s—1

o\ (e |+ @] | |+ a2 |+ o
.(t_t) led[+|a”],|a’ |+ ]a’ |+ )Ha‘oW",a (q’ yj) dq;

)»

a B0

Z(| |+ 1B+ | +]O D <s— 1+ 2(n + 1)~

1
ma‘xiklr(ar‘a:‘/z)g n+ I:azsnl
7<s—1,0/<s—1

) ~\ /( Y+ a?]. |t |+ |a? ) -1 1
.{g;ﬁ'w(,_ 7)1+ el a0y Ha,BWn.(U}(x’t)’
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where the functions g“ depend smoothly on u, w(x, t), y;(x, 1), x(gq, y,(c, 1)), and
1(q, v(x, 1)).

To understand how these complicated expressions arise, we refer to (4.25). Each of
the A7’s is the result of the iterated application of rules (4.24), being careful to
replace X;(9,X,)™ " u,, i > 3, each time by their expression in terms of 4% and B;.
We want to show that for kK < 2(n; + 1)(p — 1) + p the integrals involved make
sense and (4.28) actually defines a function that is continuous across C;\ {(0, 7)}.
The basic observation is that for s < 2(n, + 1)(p — 1) the quantities

K!=(t- ,‘)2("1“)(1"1)“,\/1_2("1+1)""1)+1"3(8)’j1“u18;'1“uz), i=1,2,
are integrable along certain segments of C;, namely on the right of the curve w = 0 if

i = 1, and on the left if i = 2. In fact, using the inductive hypothesis, we have, in the
region w > 0 where x > ¢,(1 — 1)?,
(4.34) IKsll < cz(t _ t—)z("l+1)(17_1)_5x—-(2(n1+1)(p—l)+p—s)/p+1/p < C3x—1+1/p'
In the region w < 0, where y(x, t) > c,(t — t)”, we have, similarly,
(4.35) K2 < es(p(x, )77,
Lemma 2.2 insures that the functions x ! *1/7 and y~!*1/7 are integrable along any
Jjth characteristic, C; included. Hence, the integrals in A , and B, make sense and
are continuous across C, for k < 2(n; + 1)(p — 1) + p (corresponding to a deriva-
tive of order less than or equal to (n, + n, + 1 + 2) p), being a linear combination
of terms, the most singular of which are similar to K} and K/ for

k<2(n +1)(p—-1)+p.
The terms at (0, y,) in A}, and Bf, tend to zero as (x, ) tends to C,. In fact,
recalling Remark 4.2, at (0, y;) estimates (4.6)(i), (ii) both apply. Hence, using the
inductive hypothesis it is easy to recognize that the most singular term can be
bounded as follows:

(436) 'Xlkfl—r{(t _ [)2("1“*1)(11—1)*'17‘1*“(Xlr—u + atr—v)
. (a;nﬂula;lﬂuz)}(x(o, yj), 1(0, y,-))|
k—1-—r

<¢ Z H(f _ i)Z(nl+1)(p—1)+p—l—v—S(X1 + al)k—l—r—s
s=0

(X ) (A gl ey ) 10, ).

Now if (x, 7) tends to C, then y; = t and so does #(0, y;(x, 1)). Hence, the left side
of (4.36) goes to zero for k < 2(n, + 1)(p — 1)+ p unless r=v=0, s =k — 1,

=2n, +1)p —1)+p. In that case one has to prove the continuity of
(@7 1uyd " u, (0, y;) across (0, £). Here the parity of p plays a role. In fact, since p
is even, the two characteristics C, and C, do not cross, and (3" *u,0" *'u,)(0, y,) is
continuous across (0, ¢) even if n; = n,, so both derivatives have jumps. (If p is odd
this is not true, and this is the only difference in the two cases.) This ends the proof
that 4}, and B}, are well defined and continuous across C;\ {(0, 1)}. The same is
true for A¥,, A¥, Bf, B}, since the functions present in those integrals are
bounded and continuous by the inductive hypothesis and their recursive definition.
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Finally, 4}, and B/, are continuous across C,, since in their expression only
derivatives of order at most 2(n; + 1) + kK — 1 appear, and these are continuous by
the inductive hypothesis.

The proof by induction of (4.32) and (4.33) is a long but straightforward
application of the rules in (4.24). (See [7] for details.)

Step 4. Proofs of the bounds on X/*'~*33u, and X} 2 DLXm*y, i =1,2,
Jj=3.

In the proof of the continuity of Xj*! =2 *DL2Am+Dy contained in Step 3, we
used the inductive hypothesis at Step k, but we have been very careful not to create
any derivative of order k + 1 (except, of course, of u’). We can then use formula
(4.28), with k replaced by k + 1, to prove (4.6)(iii). We focus on X{ =2+ DL2m+Dy .
3 ~2m*DL2Am* Dy can be treated likewise.

We first expand Xj~/*!e™ using (4.30). Examining the right side of (4.28) we
easily recognize that the only unbounded functions present are Aj{ » and Bj"zp, with
0 < /4,1, < k + 1. Recalling definitions (4.32) and (4.33) we have, for /; + /[, < k +
1-2n, + 1),

45, (e, ) Bl (.|

/1 IZ
=\ +1), D+o)+p—-1_ _f —p, —
gcl{ D [(t— 7)len MmFDrop+p =1, (4 -0, 1)+8/1.0

v;=00,=0

\

i [(f _ i)[(”l+1v"l+l+vz)+l"1x—(12—vz—l)/p + 8,2‘0]}

Lk 1=2(m + 1)~ 1)/p+(my +2)1 - 1/p)
< o,lx| .

The bounds on X{ *3%u  now follow easily from (4.6)(iii). This ends the proof of
the inductive hypothesis (4.6).
We have then proved the following theorem:

THEOREM 4.1. Let u be the solution of system (2.1) with initial data satisfying
condition (2.3). Then
ue Ctmti+2r(RN(C, U G)).
5. A counterexample. In this section we present an example that shows how the
regularity result across C; obtained in §4 cannot be improved in general. We use the

same example presented in [4] but with different initial data. We will constantly refer
to the quoted paper for further details. Consider the following system:

(3/0t + p(t —1)"""8/3,)u =0, v(x,0)=10"x),
/9w =10, w(x,0)=0,
(0/3,+93/0,)z=D.z=wv, z(x,0)=0,
where
(x—l)"‘“, x <1,
2A0x-1)"" x> 1
Let 2, be the region shadowed in Figure 5.1 and x its characteristic function.

°(x) =
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A

C2 (X, t )

d
T=t—Xx

C.(x, 1)

v

FIGURE 5.1

We have the following expressions for v, w, and z:
(5.1)
(x—(t=1)")"""=5(x,1)  inR\Q,

u(x,t)=v(x—(l—1) +1)= z(x_(t__l)p)m“:z,j(x,t) in £,

w(x, 1) = [)I 5(x,q)(1 + xq,) dg = A(x, 1) + B(x,1),
where

l—
A(x, 1) =j(; 5(x,q)xgq,dz.

(5.2) 2(x, 1) = fc o (A + B)o(1 + xq )(x(s), 1(s)) ds,

where x(s), ¢(s) is the arc length parametrization of the backward D, characteristic
C _(x, t) from (x, t). It is easy to realize that

f [Bﬁ(l +Xgq,) + 2Az‘)] is smooth in , \(C, U Cs).
C(x,1)

Moreover,

(5.3) z(x,¢) =/

o [B5(1 + xq,) +248] ds — [ [Abxaeg,] ds.

Cy(x,1)

Clearly, A4 is different from zero only inside or above the region ,. The function
inside the last integral in (5.3) is then always zero if (x, ¢) is below C;. If (x, ¢) is
above C, the only part of the path of integration on which Ax g2\ o does not vanish
is the segment with endpoints (0, 7) and ((d — 1)?, d) (see Figure 5.1). In that
region

A(x,t) = /1'1+;:::P (x —(q- 1)p)n1+1dq _ C1Xn1+1+l/p-
-x
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Then
(5.4)

(d—1)7 _
fo (45)(q,q + ) dg

d-nr ny+1
leo gn (g —(g+ 7 -1)")" dq

Il

n+1
_ 1\mtm+l+2)p+l 1 n,+1+1/p( _[ _1\»p1 7_1]1') o
(d-1) CIL r r—|r(d—1)" "+ T dr

= (d- 1)("1+"1+1+2)P+1CI/1 rnl+1+1/p(r _ [(r ) d-1)"t 1]p)n1+1dr.
0

where we used that 1 — 1 = (7 —d)+(d — 1) = —(d — 1)? + d — 1. The r.hss. of
(5.3) is (n; + n; + 1 + 2) p-times differentiable across C;, but has a jump in the
(ny + n; + 1 + 1)p + 1 derivative, since the last integral does not vanish.
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